We discuss the shape resonance in the superconducting gaps of a two-band superconductor by tuning the chemical potential at a Lifshitz transition for Fermi surface neck collapsing and for spot appearing. The high temperature superconducting scenario for complex matter shows the coexistence of a first BCS condensate made of Cooper pairs in the first band and a second boson-like condensate made of bosons like bipolarons, in the second band where the chemical potential is tuned near a Lifshitz transition. The interband coupling controls the shape resonance in the pair exchange between the two condensates. We discuss the particular BCS-Bose crossover that occurs at the shape resonance tuning the Lifshitz parameter (the energy difference between the chemical potential and the Lifshitz topological transition) like tuning the external magnetic field for the Feshbach resonances in ultracold gases. This superconducting phase provides a particular case of topological superconductivity with multiple condensates of different winding numbers.
Introduction
Standard BCS superconductivity is the dynamical ordered phase of simple Fermi systems at T = 0 on the contrary high temperature superconductivity (HTS) [1] occurs in complex systems [2, 3] . HTS is considered the prototype for unknown macroscopic quantum coherent phases that resist the decoherence attacks of temperature. There is a growing interest in these phases of complex matter since quantum collective phenomena could be the driving mechanisms for the living systems [4] [5] [6] .
The complexity of cuprate superconductors making these materials a type of soft dynamical matter emerged slowly in these last 24 years of experimental research: [13, 14] in the two variables phase diagram: doping and misfit strain, where the characteristic feature of complexity: scale invariance appears [15] .
Here we report additional support for the paradigm proposed in 1993 [16] to understand the HTS, that allows the material design of new HTS [17, 18] based on the fact that:
1. HTS appears in heterostructures at atomic limit, like superlattices of quantum wires, superlattices of quantum stripes and superlattices of quantum wells. 2. The electronic structure of HTS is made of multiple non-hybridized electronic components forming multiple Fermi surfaces. In cuprates, a first itinerant electron gas with pure b 1 orbital symmetry forming a Fermi pocket at (π, π) coexists with a polaronic gas with mixed b 1 + a 1 orbital character forming a Fermi pocket at (π, 0) [16, [19] [20] [21] [22] [23] [24] [25] . 3. The HTS phase appears by tuning the chemical potential at a shape resonance in the superconducting gaps [26] [27] [28] [29] [30] [31] in multiband superconductors [32] .
Several practical realizations of the material design protocol [17, 18] for high temperature superconductivity tuned at a shape resonance have been reported for superlattices of superconducting layers made of: In fact, all these systems show similar features [49-52] by being multilayers near a Lifshitz transition. In this 2.5 electronic phase transition [53-60], the system is on the verge of a first order phase transition with the possible appearance of a tricritical point. Phase separation has been observed experimentally, and several theoretical models have been proposed [61-64] involving lattice, charge and spin fluctuations near a lattice instability for structural phase transitions [41] [42] [43] . The complex phase of matter favoring HTS has been called superstripes [43, 64] since it appears in lowdimensional systems having relevant similarity with multiscale phase separation in living matter [3] .
Multiband superconductivity is now emerging as a fundamental common feature in the Fermiology of cuprates [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] , diborides [36] and pnictides [45] [46] [47] where the chemical potential is tuned in the proximity of a quantum critical Lifshitz transition. There is now growing agreement that the critical temperature appears by a fine tuning of the chemical potential near a Lifshitz transition [77] [78] [79] [80] where the superconductivity involves the change of the symmetry of the Fermi surface and of the superconducting condensate [81]. A similar scenario is possible in ultracold gases [82] since the shape resonance is a fundamental concept for many body systems in nuclear, atomic, molecular and condensed matter [83] .
While the consensus on multiband superconductivity in the clean limit has been rapidly accepted for diborides and pnictides [44] [45] [46] [47] , only recently [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] the Fermi surface of high-temperature cuprate superconductors has been mapped to high resolution by the quantum oscillations over a wide range in magnetic field, and a large consensus has been reached on the two-band superconductivity in cuprates. The Fermi surface comprises multiple pockets, as revealed by the additional distinct quantum oscillation frequencies and harmonics and angle-resolved measurements made of two similarly sized pockets with greatly contrasting degrees of interlayer corrugation. The first hole pocket that is almost ideally two-dimensional in form (exhibiting negligible interlayer corrugation) at the 'nodal' point will correspond to a first subband in our model. The newly resolved weaker adjacent spectral features originating from a deeply corrugated pocket at the 'antinodal' point within the Brillouin zone correspond to electrons expected to be responsible for the negative Hall coefficient.
Moreover, the multilayer band splitting in two bands (OP and IP) has been recently observed in the optimally doped trilayer cuprate Bi2223 by angle-resolved photoemission spectroscopy. The OP band is overdoped with a large dwave gap around the node of 43 meV while the IP is underdoped with an even large gap of 60 meV [9] . These energy gaps are much larger than those for the same doping level of the double-layer cuprates, which leads to the large T c in Bi2223.
In the multiband theory, the role of interband pairing as the key term for raising the critical temperature of the superconducting phase in all known high temperature superconductors is getting a strong experimental support. Moreover, there is increasing evidence that the critical temperature reaches a maximum in the proximity of a Lifshitz transition associated with the change of the Fermi surface topology of one of the bands. This scenario is called the "shape resonance" scenario [26] [27] [28] [29] [30] [31] that is related with the Majorana configuration interaction between open and closed channels [83] for quasi-stationary states embedded in the continuum and topological superconductors involving condensates with different winding numbers [81] .
In this work, we describe the complex physics of two components superfluid condensates with two order parameters: the first is a standard BCS condensate and the second is a bosonic condensate near a band threshold. The Fermi level is close to the band edge in the second band. In a single band, this is the scenario of BCS condensation to Bose-Einstein Condensation (BCS-BEC) crossover discussed by
